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ABSTRACT: A starting point to understand chain entanglement is to thoroughly examine chain statistical behavior.
Focusing on the most familiar linear flexible polymers, we show based on the literature data that (a) at the same
numbern of backbone bonds most flexible linear polymers have comparable coil sizes and are similarly flexible
in spite of widely varying chain thickness and (b) there are fewer chains to fill up a given volume if they are of
larger chain thickness. Many models have been proposed to relate the onset entanglement molecular weightMe

or Mc to chain conformational characteristics. The specific predictions of these models frequently find agreement
with various subsets of experimental data, but they have often been regarded to be incompatible with each other
because they are derived from different physical considerations. In the present work, we compare the theoretical
predictions against the extensively available experimental data on eitherMe or Mc. The following conclusions
emerge from the literature data: (a) chain thickness, not stiffness, correlates withMe in agreement with the
packing model for over one hundred flexible linear polymers; (b) several other models appear to provide correlations
of lesser quality forMc, to which the packing model does not apply well. However, the uniqueness of the physics
controllingMc cannot be demonstrated since the percolation model, the binary contact model and the orientational
correlation model all anticipate some trends in crude agreement with the limited literature data onMc.

I. Introduction

Chain entanglement is a unique and salient feature of
polymers, affecting both flow behavior of molten polymers and
mechanical properties of the same polymers in their solid state.
From the beginning, theoretical studies have been carried out
to either evaluate the effect of chain entanglement or define
and characterize chain entanglement.

In 1946 Green and Tobolsky1 introduced the first phenom-
enological network model to describe various linear viscoelastic
properties of entangled polymer. More attempts at describing
chain entanglement were made2,3 before de Gennes introduced
in 1971 the first molecular model to depict how chain entangle-
ment slows down self-diffusion and terminal relaxation.
Doi and Edwards subsequently developed a detailed description4

of linear and nonlinear viscoelastic behavior of entangled
polymers in 1978. Many theoretical and experimental challenges
exist in the area of nonlinear flow behavior of entangled
polymers.5,6 It is reasonable to assume that these difficulties
will be with us until chain entanglement is better understood in
quiescence.

Both the classical rubbery network theory7 and the Doi-
Edwards type tube theory8 relate such linear viscoelasticity
properties as the elastic plateau modulusG to the molecular
weightMe of a strand between neighboring entanglement points
according toG ≈ (FNa/Me)kBT, with the quantity inside the
parentheses being the strand number density, whereF is the
polymer mass density,Na the Avogadro constant andkBT the
unit of thermal energy. Actually, the tube model requiresMe as
an input parameter. Indeed, most conveniently, the value ofMe

for the various polymers can be estimated by measurement of
G, and howMe varies with the specific chemical structure of
polymers has been compiled in the literature. On the other hand,
the onset of chain entanglement can be determined from the
zero-shear viscosityη0 or self-diffusionDs measurements. One

traditionally identifies a critical molecular weightMc as where
the scaling law changes, i.e., where a kink emerges in a double-
logarithmic plot ofη0 or Ds vs M.

The early attempts9,10 at how to determine the onset of chain
entanglement stemmed from the assumption that it would
involve binary interactions. All analyses9,11-13 of this kind
amount to estimating how the number of binary contacts
increases with the chain length. These theoretical considerations
did not explicitly depict the interchain topological interference
responsible for chain entanglement. A recent review14 of various
models and available data has indicated limited success of these
binary contact models.

A more empirical and phenomenological approach was
adopted15 shortly after the advent of the Doi-Edwards tube
theory8 and a scaling argument.16 These models consider a
correlation betweenMe and the conformational characteristics
of various polymers. Subsequently, as more experimental data
accumulated in the literature, a family of packing models
emerged to determine the entanglement molecular weight in a
monodisperse sample,17-20 recognizing the importance of
estimating the numberQe of chains filling up the space pervaded
by a chain having molecular weightMe. Then, interesting
observations and good correlation were made21-23 for an
extensive set of experimental data onMc. It was discovered that
the aspect ratio, given by the chain size relative to its segmental
cross-sectional dimension reaches a critical universal number
at Mc. The packing conjecture also received experimental
verification:24-26 upon compiling a large number of data on the
mass densityF, coil sizeR, andMe of various linear polymers.
The polymer mode coupling theory developed a crossover
condition based on consideration of forces that agrees with the
packing conjecture for entanglement,27 offering deeper insight
into the origin of chain entanglement. During the same period,
a different onset condition was put forward in a percolation
model that considered the origin of chain entanglement as due
to chain networking and predicted the critical molecular weight† Corresponding author. E-mail: swang@uakron.edu.
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Mc based on how frequently a chain loop back onto a flat plane
cutting through the center of the chain.28

Since then, the merits of the various models for chain
entanglement have been assessed. Often one simply relatesMe

to the characteristic ratioC∞ ) R2/nl2, whereR is the end-to-
end distance of a chain withn backbone bonds andl is the
bond length. For example, frequently, following the tradition
introduced by Aharoni,15 the results of these models have been
characterized in the literature asMe ∼ C∞

2 from Wu’s model,11

Mc ∼ C∞ according to Wool’s model,28 andMe ∼ C∞
- 3 from

the packing model.7-20 In reality, Me does not correlate with
C∞ very well. Other notions of chain stiffness were adopted to
scrutinize these models against available experimental data.14

Superficially, it appears that the packing model predicts a
decrease ofMe with increasing chain stiffness because a stiffer
chain pervades a larger volume that can accommodate the same
number of chains at a shorter chain length. On the other hand,
the percolation model appears to anticipate an increase ofMc

with chain stiffness because stiffer chains make fewer returns
to the loading bearing surface per unit chain length. Heymans
concluded that these opposing trends could be reconciled.14

Moreover, different computer simulations29,30claimed to observe
opposing variations of chain entanglement with chain stiffness.
The controversy and confusion in this area motivate the present
attempt at objectively making some clarification. It is our
opinion that at least part of the ambiguity in the literature is
related to the tendency in practice to universally takeMc to be
close to 2Me. In reality, this identification may produce
misleading results. We should also add a caveat that many
factors potentially contribute to the determination ofMc includ-
ing constraint release, contour length fluctuations in the tube
model language, and other unknown effects.

Upon reanalysis of the existing data and available models, it
appears that the conclusion is rather different. The following
trends can be observed for the most commonly linear flexible
polymers. (A) Most linear flexible polymers under study that
are Gaussian at a given total numbern of backbone bonds have
a similar coil size and return equally frequently to a flat plane
that cuts through the center of the chain. (B) Chain entanglement
at Me apparently corresponds to when a given chain is
surrounded by a sufficient number of other chains.31 (C) It is
the bulkiness of the chain segment that determinesMe. At the
samen, for a bulkier chain, the pervaded volume per chain
accommodates fewer chains. Consequently, entanglement occurs
at a higherne for bulkier chains, corresponding to a higher value
of Me. (D) The number of times a chain crosses a flat plane at
the center of the chain does appear to correlate withMc crudely.

This paper is organized as follows. Section II discusses
universal chain-statistical features of various flexible linear
polymers, followed by a brief review of the various models for
entanglement in section III that ends with a further discussion
on chain flexibility. Section IV tests the different models against
the extensively available experimental data. The summary in
section V concludes the paper.

II. On Universal Aspects of Chain Statistics in Flexible
Polymer Melts

Each linear threadlike molecule in a polymer melt can be
regarded as a Gaussian chain when its length is sufficiently long
in comparison to the persistence lengthlp or Kuhn lengthlk.
For sufficiently long chains, their average end-to-end distance
R is related to the numbern of backbone bonds as

where the characteristic ratioC∞ would be unity if the chain is
so flexible that its persistence length is as short as the average
bond lengthl and its size is minimal, equal tonl2. For most
flexible linear polymersC∞ is known to vary in a rather narrow
range. Figure 1a clearly indicates thatC∞ has a rather poor
correlation with such molecular parameters as the average molar
mass per backbone bondm1 although there is some tendency
for C∞ to be larger at a greaterm1. Figure 1b further reveals the
irrelevance ofC∞ as an independent parameter to correlate with
the entanglement molecular weight, based on data from three
sources,15,24,26 in the sense that bothMe and Mc spread
considerably withC∞.

A. Effective Bond Length. Figure 1b shows thatMe andMc

each vary widely among these polymers whoseC∞ only changes
in a small range. What feature of chain statistical properties
depictsMe or Mc? In search for the relevant parameters, we
begin with an analysis of chain statistical behavior of flexible
linear polymers based on the data from refs 24 and 26. We see

Figure 1. (a) Characteristic ratioC∞ of the various polymers, plotted
in terms of the backbone bond massm1, based on data from ref 15, 24,
and 26, where the data (ref 15) are based in Table 3 of ref 14. Note
that here and subsequently “ref 24” refers to Table 1 of ref 14 that
recompiled the data from ref 24, excluding the engineering polymers
except nylon-6 and poly(oxymethylene). (b) Entanglement molecular
weight Me (circles and squares) and critical molecular weightMc vs
the characteristic ratioC∞.

R2 ) C∞nl2 (1)
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from the tabulation ofR2/M given by Fetters et al.24,26 that the
following effective bond lengthleff is rather constant as shown
in Figure 2, parts a and b, except at the highestm1

The implication of leff being comparable is that all these
polymers are of a similar coil sizeR at a given total number of
backbone bondsn. In other words, since the effective bond
length leff is almost constant as shown in Figure 2, parts a and
b, these polymers at a fixedn have almost the same end-to-end
distance according toR2 ) nleff

2, so that the effective charac-
teristic ratio C∞

eff ) C∞l2/leff
2 ) 1 for all the polymers. The

meaning ofleff of eq 2 will be further examined following eq
7a,b below. For most linear polymers, the polymerization index
PI ) n/2, but for 1,4-PBD and 1,4-PI we have PI) n/4. Note
that the small increasing trend ofC∞ (circles) in Figure 1a also
causesleff to increase slightly withm1, as seen more clearly in

Figure 2b. Although Figure 1a shows a larger spread forC∞,
the near constancy forleff in Figure 2a,b arises from its definition
in eq 2 showing a square-root dependence onC∞.

B. Traditional Definition of Kuhn Length lk. Since most
flexible linear polymers have a similar molecular dimension at
a given numbern of backbone bonds, they are expected to be
comparably flexible. It is shown that the persistence lengthlp
of a flexible linear chain can be uniquely expressed32,33aslp )
(C∞ + 1)l/2. The Kuhn lengthlk, viewed as a step length in a
random walk of N steps to mimic the chain statistics of a real
linear polymer, is classically defined as twice the persistence
length such thatR2 of eq 1 is proportional to the contour length
L ) nl according to

where we have

and

We find thatlk of eq 4a varies over a narrow range as shown
in Figure 3, parts a and b, for the same series of polymers as
examined in Figure 2, parts a and b. Surprisingly,lk is ca. 12 Å
for most of these polymers except for several at the highestm1

in Figure 3b.
Because bothleff andlk of eq 4a respectively vary only slightly

for these polymers according to Figures 2a,b and 3a,b, we expect
a Kuhn segment to involve a comparable numberφK of
backbone bonds given by

where the second equality follows from definitions in eqs 2 and
4a. Indeed, parts a and b of Figure 3 show that a traditional
Kuhn segment involvesφK ∼ 9 backbone bonds or about 4.5
monomers for a majority of these polymers, where the polydiene
family was represented from ref 26 instead of ref 24. For every
polymer listed in ref 26,lk was explicitly calculated according
to lk ) C∞l/cos(θ/2) with the same bond angleθ of 68° instead
of using eq 4a. It is interesting to rewrite eq 5 aslk2 ) φKleff

2,
which is of the form given by eq 3 as if each Kuhn segment
could already be viewed as a Gaussian chain withφK ∼ 9
random steps of lengthleff. We need to point out that the
universal number of ca. 9 bonds per Kuhn segment appears
consistent with an earlier atomistic computer simulation of
polymer melts.34 Moreover, the present conclusion is in apparent
contradiction with another recent study35 that there is large
ambiguity in determining the chain flexibility of polystyrene
vs poly(dimethylsiloxane).

C. Gaussian Chain Limit. If the Kuhn lengthlk is indeed
universally around 12 Å and there are about 9 backbone bonds
per Kuhn segment as shown in Figure 3a,b, then all these
polymers would approach Gaussian chain statistics when their
chain length reaches the same numbernG of backbone bonds.
Moreover, it is reasonable to expect that the minimum Gaussian
chain lengthnG should involve the same number of Kuhn
segments and therefore be proportional toφK for these linear
flexible polymers.

It has long been noted36,37 that different polymers have
different chain conformations, e.g., between atactic polystyrene
(PS) and atactic poly(methyl methacrylate) (PMMA), and the

Figure 2. Nonuniversal quantityR2/M and quasi-universal effective
bond lengthleff of the various polymers reported in (a) ref 24 and (b)
ref 26.

leff ≡ xC∞ l ≡ (R2/n)1/2 ) (m1R
2/M)1/2 ≈ 4 Å (2)

R2 ) [C∞/(C∞ + 1)]Llk ≡ Nlk
2 (3)

lk ) 2 lp ) (C∞ + 1)l (4a)

N ) [C∞/(C∞ + 1)]L/lk (4b)

φK ≡ n/N ≡ (lk/leff)
2 ) (C∞ + 1)2/C∞ (5)
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conventional Kuhn lengthlk or characteristic ratioC∞ does not
fully describe chain flexibility. The data from Yamakawa’s lab
based on SAXS or dynamic light scattering measurements of
atactic36 and isotactic37 PMMA, PS,38 and poly(R-methylstyrene)
(PRMS)39 in Θ solvents in Figure 4a indicate that a linear
relation between mean-square end-end distanceR2 and the
numbern of backbone bonds may not be approached until fairly
largen, i.e.,nG ) 1000. Since they have a similar level of chain
bulkiness (to be discussed below), it is not surprising to see
their reaching Gaussian chain behavior at a similar value ofn,
i.e., exhibiting a similar level of chain flexibility. If we takenG

as the onset of Gaussian chain behavior, then the numberNG

of Kuhn segments atnG is approximately as large asNG ) nG/
φK ∼ 100 in these polymers sinceφK ∼ 10 according to Figure
3a. It appears that 100 random steps are necessary for a random
walk to be truly Gaussian. Such a large number fornG reminds
us that the scaling data ofR2/M used in Figure 2a,b must involve
sufficiently high molecular weights.

A further search of literature produces additional data from
Yamakawa’s lab, involving dynamic light scattering (DLS)

measurements of the mean square radius of gyration of two other
flexible linear polymers in their dilute theta conditions. Figure
4b shows the data for poly(dimethylsiloxane) (PDMS)40 and
polyisobutylene (PIB).41 In Figure 4b, we have also added two
sets of the SANS data on PDMS42,43 and a set of DLS
measurements of PIB from another lab.44 The visibly lower
values of leff from DLS might arise from the fact that these
polymer coils are partially draining and thus appear smaller than
their respective static dimensions determined by SANS. Un-
fortunately, given the quality of the data for PDMS we are
unable to confirm whethernG ) 1000 applied to PDMS. On
the other hand, PIB appears to be exceptional, showing Gaussian
chain statistics at a much smallernG according to the DLS data.
There has also been a recent study to show that chain statistics
approach their asymptotic behavior differently in different
polymers.45

D. Dynamic and Static Beads.Dynamical studies46,47 of
dilute polystyrene solutions based on oscillatory flow birefrin-
gence measurements have previously indicated in the language
of the bead-spring models of Rouse and Zimm that the dynamic

Figure 3. Chain flexibility parameterφK and Kuhn lengthlk of the
various polymers from (a) ref 24 and (b) ref 26.

Figure 4. (a) Approach to the Gaussian chain scaling behavior ofR2

∼ n in four linear flexible polymers ofa-PMMA, i-PMMA, PS, and
PRMS. The Gaussian statistics appears to emerge at a large number
nG of backbone bonds around 1000. (b) Saturation ofleff with increasing
n from DLS measurements of PDMS (squares) and PIB (circles), along
with SANS measurements of PDMS melts, where the solid symbols
are from Figure 3a based on SANS. Here PDMS-SANS1 is from ref
42 and PDMS-SANS2 is from ref 43, PIB-DLS1 is from ref 41 and
PIB-DLS2 is from ref 44, and PDMS-DLS is from ref 40.
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(Kuhn segment) bead sizeb is about 5 nm for PS instead of
1.8 nm given by eq 4a for the equilibrium Kuhn length. With
leff ) 4.75 Å for PS, we would haveφK ≡ (b/leff)2 ) 110
backbone bonds or 55 monomers instead of 7 monomers in a
dynamic Kuhn segment. Thus, there would be only a few beads
per chain, making it challenging to analyze chain dynamics with
the bead-spring models that intend to describe systems of many
beads per chain. Putting this issue aside, a recent model has
attempted to reconcile this difference of a factor of 10 between
the dynamic and static Kuhn lengths.48 On the other hand,
another recent study has suggested that there are many more
monomers in a dynamic bead for a-PS than for PDMS.35

The results of Figure 3a,b may have important implications
for our understanding on deformation of entangled polymers.
Since the entanglement molecular weightMe is 13.3 kg/mol
for PS, the strand between entanglement points is hardly
Gaussian according to Figure 4a that showsMG ) nGm1 > 52
kg/mol. On the other hand, withMe around 7.2 kg/mol for PIB,
the strand between entanglement points should be Gaussian if
nG would be indeed below 100 as implied by Figure 4b. Since
Me is less than 1 kg/mol for polyethylene (PE), an entanglement
strand would not be Gaussian at all ifnG ∼ 1000 for PE, which
is something we would expect based on a combination of Figure
3a and Figure 4a. Such a conclusion would have strong
consequences in how to depict and anticipate entangled polymers
in deformation and flow.5,6 At the present, there is little
indication from the literature that a PS melt as an entanglement
network is any different from a PIB melt or a molten PE.

E. Packing Length and Chain Bulkiness.In search for a
more relevant parameter to correlate with chain entanglement,
the concept of packing lengthp was proposed to differentiate
the various linear polymers. It is actually related to an average
effective cross-sectional areas of a segment as follows. In a
monodisperse melt of molecular weightM, the average number
of chains per unit volume is given by (F/M)Na. Conversely, the
volume per chain is equal to

The packing lengthp is defined according to

For a givenn, most flexible linear polymers have the same coil
sizeRas shown in Figure 2a,b. The chain lengthnl is essentially
proportional toR2 ) nleff

2 because neitherl nor leff varies much
from one polymer to another. Consequently, according to eq
7a the packing lengthp literally depicts an effective segmental
cross-sectional area.

On the basis of the definitions of the packing lengthp given
in eq 7a and of the effective bond lengthleff given in eq 2, we
can express the volume per bondV1 ) m1/FNa as

which introduces the definition of the bond thickness or cross-
sectional areas given by

By analogy with eq 7a, the first equality of eq 7b revealsleff as
being the linear dimension of the segment. Of course, this
analogy is symbolic only since a backbone bond is not a
Gaussian chain. More importantly, eq 8 shows thatp is
proportional the “thickness” of the segment,s.

The segmental bulkiness depicted by eitherp of eq 7a,b ors
of eq 8 should obviously grow with the average backbone bond
massm1. The same data behind Figures 2a,b and 3a,b yields
Figure 5a,b. The linear dependence ofp on m1 is consistent
with eq 7b sinceleff andF are similar for most polymers. Even
though the correlations betweenp, s andm1 are not precise, the
scaling ofs∼ m1 in Figure 5b is impressive. In any event, parts
a and b of Figure 5 indicate thatm1, which for most polymers
is half of the monomer mass, is a direct measure of the chain
bulkiness, a conclusion that is rather straightforward and obvious
since most polymers have the same bond lengthl.

III. A Brief Survey of Existing Models for Chain
Entanglement and More on Chain Flexibility

We would like to review principally four types of models in
the literature for determination of either entanglement molecular
weight Me or critical molecular weightMc. In particular, we
will discuss the packing model17-20 and the percolation model28

in detail because they can be readily tested against the available
experimental data. At the end of this section, we would like to
return to the subject of how to characterize chain flexibility in
another way.

A. Models Based on Binary Contact Ideas.Various ideas
associated entanglement with binary interactions.49 These models
argue about how the number of binary contacts increases with

v ) M/FNa (6)

pR2 ≡ v (7a)

v1 ) pleff
2 ≡ (pC∞l)l (7b)

s≡ pC∞l (8)

Figure 5. Correlation between the chain bulkiness parameterss (circles)
andp (squares) and the average backbone bond massm1 based on data
from (a) ref 24 and (b) ref 26.
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the chain length and assign a critical number atMc. The model
of Edwards9 and de Gennes,10 based on estimating the binary
contacts per chain, produces the following result14 that the
number of backbone bonds atMc, i.e.,nc is related to the packing
lengthp as

Since the average bond lengthl hardly varies for a large number
of polymers, their model predictsnc proportional to p. A
subsequent scaling theory calculates the binary contracts per
pervaded volume occupied by the chain.13 A somewhat different
onset condition was proposed14 as

Wu’s model11 also proposed that the binary contracts per chain
length is proportional to the square of the number of Kuhn
segments per unit chain length, i.e., (1/lk).2 Thus, the Wu model
yields

The second relation in eq 11 follows from Figure 3a,b that shows
approximatelylk ∼ (m1)0 and Figure 5a,b that indicatesp ∼
m1.

B. Ideas Based on Critical Chain Aspect Ratio.From an
entirely different viewpoint, Douglas and Hubbard21 suggested
that chain entanglement corresponds to strong topological
interactions between chains rather than chain looping about each
other and specifically they argue that chain “entanglement”
occurs when the chain “aspect ratio” reaches a critical value,
similar in magnitude to the critical magnitude of the molecular
asymmetry necessary for long range order in liquid crystalline
polymers. Specifically, taking the chain average dimensionR
to be on the order of the effective “length” of a particular
polymer and the segmental “diameter”D ∼ s1/2 as the effective
chain “diameter”, the critical anisotropy ratio for the onset of
collective interchain interactions is then suggested to be

in three dimensions, wherelc is the chain size of molecular
weight Mc

This prediction has been found to be in reasonably good
accord22,23 with measured values of this aspect ratio for some
flexible polymers from measurements ofMc, where He and
Porter23 reiterated the results from Edwards9 and de Gennes10

and added an extra factor ofC∞ in their final expression for the
onset of chain entanglement.

Rewriting this geometrical criterion of entanglement in eq
12 in terms of the chain thicknesss, we have

where the last expression uses the definition fors in eq 8 and
eq 2. We note that eq 12′′ is identical to eq 9. An interesting
aspect of this interchain coupling argument of Douglas and
Hubbard,21 is that “entanglement” is predicted to occur for stiff
polymers, extended sheet-like polymers such as exfoliated clays
and polymer chains confined to nearly two dimensions that can
neither effectively wrap about other chains nor move by a
reptation mechanism. Entanglement effects in this model are

conceived to arise from the formation of dynamic clusters at
equilibrium in a fashion akin to micelle formation, but where
the effective attractive interactions responsible for this clustering
are entropic and topological in nature. In this context, the chains
in the clusters are conceived to be confined in tubes created by
surrounding chains.

C. Packing Model. It appears that the conjecture in the
packing model was due to a number of people including Rault,17

Heymans,18 Lin,19 and Kavassalis and Noolandi.20 Subsequently,
Schweizer and Szamel derived this condition from a polymer
mode coupling theory.27 The concept is that chain entanglement
occurs in a monodisperse melt of molecular weightM when
enough interchain topological intertwining builds up with
increasingM. As the volume of

pervaded by a chain ofn backbone bonds increases with the
radiusRg of gyration, the numberQ of chains required to fill it
up increases according to

where v is given by eq 6 and use is made of eq 7a. For Gaussian
chains,Q ∼ M1/2. Sufficient topological interchain interference
occurs to form entanglement whenQ increases toQe. The
conjecture is thatQe is a relatively universal constant indepen-
dent of chemical details.

It is interesting to show howQ would change with the chain
bulkiness at a fixedn. According to eq 14,Q(n)/n1/2 ) leff/p
should depict how the number of chains required to fill a
pervaded volume of a chain ofn backbone bonds depends on
such characteristic parameters as the packing lengthp. Figure
6 shows that at a givenn the number of chains the pervaded
volume can accommodate depends inversely on the chain
bulkiness given byp. In other words, at a givenn, there are
fewer chains of a largerp in the same pervaded volume.

D. Percolation Model.Starting from a completely different
standpoint, the percolation model28 sought to define chain
entanglement by considering its mechanical consequences.
Entanglement would arise to bear load when a chain is able to

nc ∼ p/l (9)

nc ∼(p/xleffl)
4/3 (10)

nc ∼ lk
2 ∼ p0 (11)

lc/s
1/2 ≈ 5 (12)

lc ) (Mc/m1)
1/2leff (12′)

nc ) Mc/m1 ∼ s/leff
2 ∼ p/l (12′′)

Figure 6. Number of chains in a pervaded volumeΩ(n) of eq 13
(which is nearly the same for all these polymers because of comparable
leff shown in Figure 2a,b), plotted as a function of the chain bulkiness
represented byp, normalized byn1/2.

Ω(n) ) (4π/3)Rg
3 (13)

Q(n) ) Ω/v ) (4π/63/23)R/p (14)
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make a couple of returns across a flat surface. It is straightfor-
ward to estimate that the numberq of times a chain passes
through a loading-bearing flat surface is, on the average,

wheres is an effective segmental cross-section area, already
introduced in eqs 7b and 8 of the preceding section, andQ has
been defined in eq 14 as the number of chains filling a volume
pervaded by the chain. Inserting eq 14 forQ, eq 15 can be
rewritten as

It was asserted28 thatMc corresponds toqc ) 3 for all entangled
flexible polymers. For Gaussian chains,qQ ∼ Rg

2 ∼ M, and
therefore, analogous toQ, q also scales likeM1/2.

E. Looping Back and Chain Flexibility. Another way to
quantify chain flexibility is to define how frequently a given
linear chain makes loops along an imaginary flat plane cutting
through its center. Denoting withPh the total number of such
loops formed by a flexible linear chain, we can expectPh to
increase with the contour chain lengthnl. It is plausible that
this numberPh is proportional to the number of segments per
chain that a flat plane cuts through the center of the chain, i.e.,
q of eq 15 so that

where use is made of eq 1 and eq 8. Reasonably,A is a universal
constant for the linear flexible polymers studied in Figures 2a,b
and 3a,b so that the second expression in eq 16 follows from
eq 15′. If so, we can examine whether the number of loops for
a chain ofn backbone bonds would vary significantly among
these polymers. The variation is evidently given byPh/n1/2 ∼
1/xC∞ according to eq 16.

Figure 7 reveals that the total number of loops in these linear
flexible chains is nearly constant at the same backbone bond
numbern. Thus, based on the plausible conjecture that on the
average the number of loops is given by eq 16, we have shown
in Figure 7, consistent with the conclusions drawn from Figure
3a,b, that these linear polymers are indeed comparably flexible.
Thus, having similar coil sizes at the same level of polymeri-

zation, comparable Kuhn lengths with the same number of
backbone bonds per Kuhn segment, and forming the same
number of loops are three self-consistent characteristics of these
linear polymers. Figure 7 also provides a stark and interesting
contrast to Figure 6: in a space ofΩ(n) there are fewer chains
that have higherp, yet the chain flexibility hardly varies with
p or m1.

IV. Testing Various Predictions with Available Data

The rest of this paper concentrates on exploring the merits
of the entanglement models by comparison with experimental
data. First of all, let us work out the details of the packing model
as follows. The packing conjecture17-20 amounts to rewriting
eq 14 atMe as

wherelent is in a way similar tolc defined in eq 12′. Equation
14′ states that the entanglement spacinglent is proportional to
the packing lengthp for all flexible linear polymers.26 A second
alterative expression of the packing conjecture, i.e.,Q of eq 14
at Me being a constant, reads

where the second expression follows fromlent ∼ p according
to eq 14′. Equation 14′ can be straightforwardly rewritten to
yield

which can also be derived from eq 14′′ upon using eq 7b. The
stronger dependence onp is in explicit contrast to the other
predictions given in eqs 9 to 11.

The prediction of the percolation model is given by stating
that q of eq 15′ at Mc is a constant:

For qc of eq 15′′ to be a universal constant is equivalent to

Figure 7. Number of returning loops at the same numbern of backbone
bonds as a function of the molar backbone bond massm1.

q(n) ) πRg
2/sQ (15)

q(n) ) 61/2(3/4)Rp/s (15′)

Ph ) Aq∼ (n/C∞)1/2 (16)

Figure 8. NumberQe of eq 14′ in the packing model for the various
polymers from (a) ref 24 and (b) ref 26.

Qe ≡ Q(ne) ) (4π/63/23)lent/p (14′)

Me/F ∼ Nalent
3∼ p3 (14′′)

ne ∼ (p/leff)
2 (14′′′)

qc ≡ q(nc) ) 61/2(3/4)lc p/s (15′′)

nc ) (8/27)qc
2(s/p)/lent

2 ∼ C∞ (15′′′)
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Figure 9. (a) Numberqc of eq 15′′′ in the percolation model for the various polymers from ref 15 (based in Table 3 of ref 14, flexible polymers
only), ref 50 (Table 1) and ref 23 (the value ofs in eq 15′′′ is directly taken from its Table 1), where the data of Figure 8 were added for comparison.
Here and in parts b and c, the packing lengthp was estimated from the values ofs, C∞, andl in ref 15 and 50 according to eq 8, and estimated from
m1, C∞, and l in ref 23 using eq 7b where the mass densityF was uniformly taken as 0.9 g/cm3. (b) Numbernc of backbone bonds atMc plotted
against both the packing lengthp and characteristic ratioC∞ based on the data in ref 15 (from Table 3 of ref 14) and ref 50. (b′) Measured number
nc of backbone bonds atMc plotted against the predictions of eq 12′′ and eq 15′′′, based on the data from ref 23 where the value ofs is directly taken
from its Table 1. (c) Plot ofMc against the packing lengthp for the same polymers studied in part a, where a correlation betweenMe andp based
on the data from ref 24 is added for comparison. See the subsequent Figure 10. (c′) Plot of Mc against the packing lengthp for the same polymers
studied in part a, where a correlation betweenMe andp based on the data from ref 24 is added for comparison.
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where the second expression follows from use of eq 8. There
has been confusion related to simply identifyingMc with 2Me

although it is known thatMc andMe do not correlate in a simple
way.50 Such an ambiguity is also the source of misunderstanding
where the different models based on different physical consid-
erations are applied to examine the same set of data onMe. It
is actually reasonable to expect different physics to dictate the
conditions associated withMe andMc. Thus far, there is perhaps
less controversy about what determinesMe and how to measure
it experimentally. Actually, its definition through the plateau
modulus makes it a well-defined quantity unaffected by any
finite (chain) size effects. The same statement cannot be made
for Mc, unfortunately.

To test the theoretical predictions, we begin with a compari-
son between data and eq 14′ of the packing model. Figure 8
confirms thatQe in the packing model is indeed nearly a
universal constant independent of microchemical structures.
Available data onMc are rather limited, and it is less clear what
physics control the value ofMc, making it all more challenging
to test the other models. WhetherQ of eq 14 should be a
universal constant atMc will be discussed below. On the basis
of the scarce amount of data from Table 3 (flexible polymers)
of ref 14 and Table 1 of ref 50, we plot Figure 9a to first test
eq 15′′′ of the percolation model. The approximate constancy
of qc is evident.

To explicitly examine the predictions, in eqs 9, 10, 11 12′′
and 15′′′, of the other models as well as the percolation model,
we specifically plotnc against eitherp or C∞. Figure 9b shows
that the data do not collapse closely onto the scaling relations
nc ∼ p of eq 9 and 12′′ andnc ∼ C∞ of eq 15′′′ respectively.
The data from ref 22 do not yield anything better as shown in
Figure 9b′ where eq 12′′ and eq 15′′′ were directly tested based
on the crystallographic data on the chain thicknesss instead of
using eq 8 to estimates. Although the trends in Figure 9a are
encouraging, the poor correlations in Figure 9b,b′ are unimpres-
sive. Apparently, our formula eq 8 used to deriven ∼ C∞ in eq
15′′′ missed a helicity factor and may have caused51 the spread
in Figure 9b,b′ concerning the prediction of eq 15′′′ in the
percolation model.

Following ref 50, we can also determine whetherQc ∼ lc/p
is a constant or not by plottingMc/F ) Naplc2 againstp, where
lc has been defined and given in eq 12′. A systematic deviation
of Mc from p3 would surely signal thatQc is not a constant at
Mc. Figure 9c shows thatMc correlates withp rather poorly
and also changes withp more weakly thanp3. Actually,Qc tends
to decrease with increasingp, as demonstrated first in ref 14.
In contrast, the correlation betweenMe and p is much better.
Figure 9c′ reveals similar trends.

It is important to acknowledge that there is a slight spread
between 4 and 8 forQe in Figure 8 as well as a small spread
between 10 and 20 forqc in Figure 9a although there are no
systematic trends in either case. Similarly, the binary contact
model of eq 9 and aspect ratio model of eq 12′′ also reveal
trends consistent with the data onMc as shown in Figure 9b,b′,
with scattering perhaps comparable to that of Figure 9a. It is
worth pointing out that at a very crude level of tolerating much
more spread, one could argue in the following that both packing
and percolation models apply equally well to describe the data
in Figure 1b. First, eq 15′′′ givesMc ∼ m1C∞. Second eq 14′′′
shows thatMe ∼ m1(p/leff)2 ∼ (m1/C∞),3 apart from a factor of
(FNal3)-2 that varies only slightly among these polymers. Since
Figure 1a reveals a crude trend ofC∞∼ m1

1/2, bothMc ∼ m1C∞
andMe ∼ (m1/C∞)3 yield respectivelyMc andMe ∼C∞,3 which
is crudely true in Figure 1b, with an enormous spread. Thus,
this discussion underscores our assertion thatMe andMc do not
correlate withC∞ well.

As pointed out beneath eq 7a and eq 8, the packing lengthp
has its physical meaning that it is related to the segmental cross-
sectional areas, and bothp and s grow with m1 as shown in
Figure 5a,b. The data from ref 24 show in Figure 10 thatMe/F
not only scales linearly withp3 in agreement with eq 14′′ but
also approximately cubically withs. This is expected from eq
14′′ and eq 8, asC∞l is nearly constant for the various polymers.
In other words, the larger scattering inMe/F ∼ s3 arises from
the small variations ofC∞l among these polymers.

Finally, the packing model predication, given in terms of how
the numberne of backbone bonds atMe scales with the

Figure 10. Variation of Me/F with the bulkiness parametersp ands.

Figure 11. Scaling of the numberne of bonds atMe ) nem1 with the
packing lengthp, as depicted by the available dataMe from ref 24 and
ref 26. Also plotted are the data onMc from ref 15 (based in Table 3
of ref 14, flexible polymers only), ref 23, and ref 50.
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molecular characteristics such as the packing lengthp in eq14′′′,
is explicitly tested against the available experimental data on
well over 100 different polymers, along with the other predic-
tions concerningnc scaling with p. Figure 11 shows an
impressive collapse ofMe data onto the predication of the
packing conjecture of eq 14′′′ whereas the other data onMc

indicate more scattering around the predicted linear (eq 9 and
eq 12′′) dependence ofnc on p/l.

V. Summary

This work presents two groups of results. The first group
addresses the universal features of chain conformational statistics
for most flexible linear polymers as shown in Figures 2a,b to
7. We found from the available experimental data base that over
one hundred linear flexible polymers share the following
common characters: (1) Both bulky and skinny chains are of a
similar molecular dimension at a given total numbern of
backbone bonds (for sufficiently highn so that they are
Gaussian), so that we can assign an effective bond lengthleff of
4 Å for most of these polymers. (2) They are comparably
flexible in the sense that the Kuhn segment contains about the
same number of monomers: most of these polymers have an
averageφK of 9 bonds in their Kuhn segments whose lengthlk
is typically around 12 Å. (3) The chain makes the same number
of return loops to a flat plane inside itself. All the three
observations imply that these polymers would approach Gauss-
ian chain behavior at a comparable numbernG of backbone
bonds. The limited data from the literature appear to be
consistent with this statement: for PS, PMMA, PRMS, and
PDMS, nG appears to be as large as 1000, with the exception
of the data for PIB shown in Figure 4b.

The second group of results deals with the issue of what really
controls the entanglement molecular weighMe and critical
molecular weightMc, a subject14 of great interest as the different
models based on different arguments claim to have found
agreement with experiment.Me correlated with the characteristic
ratio C∞ very poorly as shown in Figure 1b. In contrast, as
shown in Figure 10,Me apparently depend explicitly on chain
bulkiness, which can be depicted by the packing lengthp or
approximately by an average segmental cross-sectional areas
of eq 8. The reason for this correlation is captured by the packing
ideas proposed in the literature:17-20 atMe, there are a universal
number of chains that fill the pervaded volume, leading to the
same level of interchain topological interference.

Because most of these flexible linear polymers have a similar
effective bond lengthleff, as shown in Figure 2a,b, the chain
bulkiness given byp is accurately correlated with the average
backbone bond massm1, as shown in Figure 5a,b. For polymers
with heavierm1, a larger volume (and therefore larger number
of backbone bonds) is required to accommodate the same
number of such chains. Once again, the fact that bulkier
polymers have greaterMe is indeed consistent with the packing
conjecture for chain entanglement: they have to involve more
monomers of heavier bond massm1 than skinny polymers. In
several other models, it is ambiguous whether the prediction is
for Me or Mc. For example, if eqs 9, 10, 11 and 12′′ were forne

instead ofnc, these models would have been explicitly rejected
by the experimental data of Figure 11, which clearly shows a
systematic scaling ofne ∼ p2. On the other hand, when we
subject these theoretical results to the experimental test based
on the limited data onMc, we see in Figure 11 that the data
comply with the theoretical prediction although the scattering
is more than that for the data onMe against the packing model
prediction. For these model predictions to survive, we have to

tribute the scattering to the experimental uncertainty. It is
plausible to have larger errors in the experimental determination
of Mc from viscosity data.

Figure 9a indicates that the percolation model may be
consistent with the limited data onMc. However, the quality of
agreement between the prediction of eq 15′′′ and data is marginal
as shown in Figure 9b,b′. On the other hand, the packing model
does not appear to describe the onset condition ofMc as
indicated by Figure 9c,c′. In short, the packing model is the
only model applicable to depict data onMe measured from the
elastic plateau modulus, and the other models have varying
success in providing a rough correlation for the data onMc

obtained from viscosity measurements. We must acknowledge
that our conclusion is only as good as the quality of data we
collected from the literature. We cannot rule out that some data
on Me andMc used to evaluateQe in Figure 8 andqc in Figure
9a, respectively, were inaccurate, leading to the scattering.
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